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Semiclassical Einstein’s equation with conformally invari-
ant bulk matter fields is examined in the brane world sce-
nario with the S1/Z2 compactification. Exact semiclassical
solutions are obtained and it is shown that (a) tension of our
brane can be made positive or negative whichever one likes;
and that (b) if Casimir energy is negative and we accept a fine
tuning of tension of the hidden brane, then it is possible to
obtain a warp factor large enough to explain the large hierar-
chy for both signs of brane tension. Therefore, if the Casimir
energy is negative, it is possible to take advantage of two dif-
ferent Randall-Sundrum scenarios by considering a positive
tension for our brane and a fine-tuned tension for the hidden
brane. We also show that (c) the cosmological constant on
our brane is independent of the brane tensions.
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Many unied theories require spacetime dimension-
ality higher than four. For example, superstring the-
ory and M-theory require ten and eleven dimensions,
respectively [1]. Since our observed universe is four-
dimensional, the spacetime dimensions should be reduced
in such theories. One of the methods is called Kaluza-
Klein compactication [2]. An alternative method was
recently proposed by Randall and Sundrum [3,4], and it
consists of two similar but distinct scenarios. In the rst
scenario [3], they considered a three-brane with negative
tension as our universe and showed that the hierarchy
problem may be solved. In the second one [4], a three-
brane with positive tension is considered as our universe
and four-dimensional Newton’s law can be realized on the
brane. So far, many works were done on various aspects
of these brane-world scenarios: eective four-dimensional
Einstein’s equation [5], weak gravity [6], black holes [7],
cosmologies [9{11], and so on. However, the solution of
the hierarchy problem was not attempted in the second
scenario. Therefore, it might be concluded that we have
to assume that our brane has negative tension in order
to solve the hierarchy problem. The purpose of this pa-
per is to show that this is not necessarily the case if
quantum eects analogous to Casimir eect is taken into
account. Namely, we show that (a) tension of our brane
can be made positive or negative whichever one likes; (b)
if Casimir energy is negative and we accept a ne tun-
ing of tension of the hidden brane, then it is possible to
obtain a large warp factor enough to explain the large
hierarchy for both signs of brane tensions. Therefore, if
the Casimir energy is negative, it is possible to take ad-
vantage of two dierent Randall-Sundrum scenarios by
considering a positive tension for our brane and a ne-
tuned tension for the hidden brane. We also show that
(c) the cosmological constant on our brane is independent
of the brane tensions.
To begin with, we consider a ve-dimensional metric
of the form
gMNdx
MdxN = e−2α(w)ηµνdxµdxν + dw2, (1)
where ηµν represents the four-dimensional Minkowski
metric. This is a general ve-dimensional metric hav-
ing the symmetry of the four-dimensional Minkowski
spacetime (Poincare invariance). In this spacetime, for
simplicity, we consider quantized conformally invariant
elds. Because of the symmetry of the metric, it seems
natural to assume that contribution of the vacuum po-
larization of these conformally invariant elds to the ve-
dimensional energy momentum tensor is of the form
TMNdx
MdxN = A(w)e−2α(w)ηµνdxµdxν + B(w)dw2,
(2)
where A(w) and B(w) are arbitrary functions of w. Ac-
tually, this is a general form of energy momentum tensor
consistent with the metric of the form (1) (see eq. (6)).
With this form of TMN , we can determine the functions
A(w) and B(w) up to an integration constant only from
general properties of TMN . First, TMN should be con-
served. Next, its trace should vanish since there is no
conformal anomaly in odd dimension [13]. Hence, we
have
T NM ;N = 0, T
M
M = 0, (3)
where the semicolon denotes the covariant derivative
compatible with the metric gMN . With the form (2) of
TMN , these equations are written as
B0 + 4(A−B)α0 = 0, 4A + B = 0, (4)
where the prime denotes the derivative with respect to
w. Therefore, we obtain
TMNdx
MdxN = κ−2l−2N e5α(w)
(e−2α(w)ηµνdxµdxν − 4dw2), (5)
where κ2 is the ve-dimensional gravitational constant,
l is a length scale which shall be specied below, and
N is a dimensionless constant. The constant N depends
on a quantum state of the conformally invariant elds
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as well as numbers of elds. Note that the proportional
coecient N is not necessarily zero. This is because of
the existence of the boundaries, or the branes. Exis-
tence of boundaries generally produces non-zero values
of renormalized energy momentum tensors even in a flat
spacetime. Casimir eect and the moving mirror eect
are well known examples.
Now let us solve the ve-dimensional semiclassical Ein-
stein equation in bulk with the metric of the form (1) and
with the energy momentum tensor of the form (5). First,
non-zero components of the Einstein tensor are
Gµν = 3[2(α
0)2 − α00]δµν , Gww = 6(α0)2. (6)
(All components of the Weyl tensor are zero. Thus,
the metric ansatz (1) seems a natural generalization
of the anti-deSitter spacetime, whose Weyl tensor is
zero.) Hence, the semiclassical Einstein equation GMN +
gMN = κ2TMN is
α00 = −5
3
l−2N e5α, (α0)2 = 2
5
α00 + l−2, (7)
where l is the length scale dened by  = −6l−2. Here-




l−2N e5α + C, (8)
where C is an integration constant. Hence, the second
equation is reduced to C = l−2.
When N = 0, the rst integral (8) with C = l−2 can be
easily integrated once more to give the Randall-Sundrum
result [3,4]: α = l−1(w − w0), where w0 is an integra-
tion constant. O course, this corresponds to the pure
anti-deSitter spacetime. Even when N 6= 0, (8) can be
integrated analytically once more since it is rewritten as
β0 = 5l−1β
√
1− β, β = 2
3
N e5α. (9)
It is easy to integrate the equation (9) to give
∣∣∣∣
p
1− β − 1p
1− β + 1
∣∣∣∣ = exp[5l−1(w − w0)], (10)






l−1(w − w0)]. (11)




jN j sinh2[ 5
2
l−1(w − w0)]. (12)
Let us compactify the w-direction by S1/Z2: we adopt
the identication
w  w + L, w  −w, (13)
where L is a constant representing the distance between
two xed points of the S1/Z2. This corresponds to a
conguration including a 3-brane at w = 0 and another
3-brane at w = L. Let us denote tensions of these branes
by λ and λ, respectively: the total energy momentum
tensor is
T µ(tot)ν = T
µ
ν − [λδ(w) + λδ(w − L)]δµν , T M(tot)w = T Mw .
(14)
Since all non-zero components of the extrinsic curva-
ture dened by KMN = nM ;N with nMdxM = dw are
Kµν = −α0δµν , Israel’s junction conditions [14] at w = 0
and w = L are
λ = 6κ−2α0(0), λ = −6κ−2α0(L). (15)
As we shall see in the following, in some cases, these two
conditions are sucient to x the integration constant w0
in (11) or (12) and the distance L between two branes.
First, when N = 0, we obtain α0 = l−1. Hence,
in this case, from the junction conditions we obtain the
well-known constraint for the original Randall-Sundrum
model that λ = −λ = 6κ−2l−1. Hence, tensions of
branes should be ne-tuned. The two constants w0 and
L are arbitrary.
Next, when N > 0,
α0 = −l−1 tanh[5
2
l−1(w − w0)]. (16)
Note that α0 is independent of the value of the constant
N , provided that N is positive. Hence, we can nd con-
stants w0 and L uniquely so that the ve-dimensional
geometry is regular except at w = 0 and w = L and that
the junction conditions at these two xed points are sat-






















It is notable that there is no other constraint on tensions
of two branes and that tensions of both branes can be
taken to be positive. Moreover, it is also possible to take
tension of one of the two branes to be zero. In other
words, we may be able to consider a model with only
single positive-tension brane. Actually, the constants w0



















Finally, when N < 0,
α0 = −l−1 coth[5
2
l−1(w − w0)]. (19)
Note that also in this case α0 is independent of the value
of the constant N , provided that N is negative. Hence,
we can nd constants w0 and L uniquely so that the
ve-dimensional geometry is regular except at w = 0 and
w = L and that the junction conditions at these two xed

































As we have shown, the range of allowed values of brane
tensions in the ve-dimensionally fundamental unit de-
pends only on the sign of N . Moreover, provided that
N 6= 0, the so called warp factor is independent of N . In







for N 6= 0. (For N = 0, we have φ = el−1L.)
Now we can discuss brane tension and the gauge hier-
archy problem for the case whereN 6= 0. First, tension of
our brane can be made positive or negative whichever one
likes and the range of allowed values of tension is of or-
der unity in the ve-dimensional fundamental unit. This
conclusion relies only on the assumption that N 6= 0,
which seems natural for the system with boundaries.
Next, from (22) it is evident that, if N > 0 and we
accept ne tuning of the tension λ of the hidden brane,
the warp factor φ can be made large enough to solve the
hierarchy problem. It is notable that there is no need to
ne-tune the tension of our brane, whichever it is positive
or negative.
We can easily extend the above results to inflating
branes by simply replacing the metric ηµν of the four-
dimensional Minkowski metric with that of the four-
dimensional deSitter spacetime.
Ansatz for a ve-dimensional metric and energy mo-
mentum tensor are (1) and (2) with ηµν replaced by the
metric qµν of a four-dimensional deSitter spacetime (or a
maximally symmetric spacetime with a positive cosmo-
logical constant). For example, in the flat slicing,
qµνdx
µdxν = −dt2 + e2Ht(dx2 + dy2 + dz2). (23)
Hence, by using the tracelessness and conservation of
TMN , we obtain (5) with ηµν replaced by qµν . On the
other hand, non-zero components of the Einstein tensor
are given by
Gµν = 3[2(α
0)2 − α00 −H2e2α]δµν ,
Gww = 6[(α
0)2 −H2e2α], (24)
where H is the Hubble constant of qµν . (All components
of the Weyl tensor is zero.) Hence, non-zero components
of the semiclassical Einstein equation are









H2e2α + l−2. (25)
Therefore, we obtain the rst integral
(α0)2 = −2
3
l−2N e5α + H2e2α + l−2. (26)
Hereafter, we shall obtain an expression for the warp
factor without solving (26) explicitly. However, before
doing it, let us consider the easiest case when N = 0. In
this case, it is easy to integrate (26) once more to get
e−2α = l2H2 sinh2[l−1(w − w0)]. (27)
This is the inflating brane solution which was indepen-
dently found by Nihei and Kaloper [8]. For this solution,
the junction conditions at xed points w = 0 and w = L
give the following equations for w0 and L.












Hence, we can calculate the four-dimensional cosmologi-
cal constants 4 and 4 measured by observers on branes
at w = 0 and w = L, respectively. These are given by
4  3H2e2α(0), 4  3H2e2α(L), (29)
since Hubble parameters measured by observers on these





κ4λ2 − 3l−2, 4 = 112κ
4λ2 − 3l−2. (30)
Now let us consider more complicated case where N 6=
0. In this case, it seems not easy to solve the equation
(26) analytically. O course, one may numerically inte-
grate it to obtain a solution. However, without solving
it, we shall obtain an analogue of the expression (22) for
the warp factor. First, since (26) is a rst order ordinary
dierential equation, its solution should have one inte-
gration constant, say w0. Next, we can determine the
integration constant w0 and the distance L between two
3















N e5α(L) + 1
3
4l2 + 1, (31)
where 4 and 4 are dened by (29). Note that, without
loss of generality, we can assume that the brane at w = 0
is our world. We call the brane at w = 0 our brane, and
another brane at w = L a hidden brane. Then, 4 is the
four-dimensional cosmological constant on our brane.
It is easily seen that for any value of H (or 4) the
range of allowed values of brane tensions λ and λ is the
same as that for the flat brane case: (17) for N > 0 and
(20) for N < 0. In other words, if brane tensions are
in the allowed range then the four-dimensional cosmo-
logical constant 4 can have essentially arbitrary value.
(By replacing ηµ or qµν with a metric of four-dimensional
anti-deSitter spacetime, we can consider negative values
of 4.) The value of 4 is independent of the brane ten-
sions, and it should be determined by the initial condition
of the system.
Nonetheless, we can see a relation between the four-
dimensional cosmological constant on our brane and the
warp factor (or the red shift factor), which is related to
the large hierarchy problem. Actually, since 4 = φ24,
from (31) we obtain
φ =
[
(λ/6κ−2l−1)2 − 4l2/3− 1
(λ/6κ−2l−1)2 − φ24l2/3− 1
]1/5
. (32)
Now we can discuss the cosmological constant problem
in the brane world by using the relation (32). If we ac-
cept a ne tuning of the tension λ of the hidden brane,
then it is in principle possible to obtain a small cosmo-
logical constant on our brane and a warp factor large
enough to explain the large hierarchy at the same time.
However, the actual value of the cosmological constant
should be determine by the the initial condition of the
system. What the ne tuning of λ provides for us is to
make the relation between 4l2 and φ consistent.
We conclude that (a) tension of our brane can be made
positive or negative whichever one likes; (b) if Casimir
energy is negative and we accept a ne tuning of tension
of the hidden brane, then it is possible to obtain a warp
factor large enough to explain the large hierarchy; (c) the
cosmological constant on our brane is independent of the
brane tensions. Backreaction of quantum elds have been
taken into account in the treatment of this paper. Note
that from (a) and (b), if the Casimir energy is negative,
it is possible to take advantage of two dierent Randall-
Sundrum scenarios by considering a positive tension for
our brane and a ne-tuned tension for the hidden brane.
Evidently, in order to justify the ne tuning of λ, we
need another new mechanism, which may be supersym-
metry breaking or may be what we do not know at all.
In order to realize a suitable initial condition, we might
be able to rely on an anthropic principle, or might not.
The constantN depends on the state of quantum elds
as well as numbers of elds and tensions of branes: since
N is just an integration constant of conservation equa-
tion of TMN , it should depend on brane positions and/or
brane tensions, and the dependence is not universal for
various possible states of quantum elds. O course, if
the distance between two branes are short enough, then
the energy momentum tensor should be given eectively
by contribution from the Casimir eect, and should be
calculable as in recent interesting papers. [12,15]. How-
ever, in general we can not expect this kind of simpli-
cation and there may be many quantum states which
satisfy the symmetry adopted in this paper. If so, then
any linear combinations of those states satisfy the same
symmetry. Hence, it seems fair to say that the deter-
mination of the constant N is beyond the scope of this
paper.
Here, we only make the following comment on the sign
of N . If N > 0 then energy conditions are violated by
the bulk energy momentum tensor TMN [16]. Although
this might sound unnatural, it is well known that energy
momentum tensor for the Casimir eect actually violates
energy conditions [13].
One of important future works may be analysis of the
stability of solutions given in this paper against pertur-
bations. It is evident that, for the purpose of the analysis
of the stability, we need explicit actions for the confor-
mally invariant elds and the denition of their quantum
state. Without knowing the denition of the quantum
state, there is probably no way to obtain expression of
the perturbed energy momentum tensor in the bulk.
Extension to general homogeneous, isotropic branes
may also be interesting. When we set TMN = 0, a sys-
tem in this category should reduce to the cosmological
brane solution which was independently found by several
people [10]. Since the geometry is less symmetric than
the inflating brane discussed in this paper, we cannot
expect the great simplication. However, since the ac-
celeration of the brane changes in time, we may be able
to expect an interesting phenomenon caused by a quan-
tum eect called a moving mirror eect. Hence, it seems
worth while investigating this general case in detail.
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